Recent numerical simulations have suggested the probability of a fraction of the primordial stars to be ejected from the cluster of their origin. We explore the possibility that some of these can remain on the main sequence till the present epoch. We develop a semi-analytical model guided by results of cosmological simulations to study the mass accretion by these protostars as a function of the original stellar mass, and other parameters such as angular momentum and gravitational drag due to ambient gas. We also explore whether some of the protostars remain sufficiently low-mass and long-lived to survive to the present day. This requires that the protostars are ejected from the star forming region while their mass is less than 0.8 M . Assuming the protostars gain mass via the spherical Bondi-Hoyle accretion from the ambient medium, we show that Pop III protostars that initially form within a certain range of mass and are ejected with velocity larger than the escape velocity may survive to the present day on the main sequence. Thus, they may even be found in our Milky Way or its satellites. Our calculations also reveal that protostars that do not get ejected from the parent gas cloud accrete large amount of gas. We predict that these can become massive enough to be progenitors of black holes.
INTRODUCTION
With the advent of state-of-the art observational technology and subsequent release of enormous data sets from modern telescope, satellite and wide-range surveys, the study of emergence of the very first stars in the Universe has become an important topic of research in modern astrophysics and cosmology (see, e.g. Caffau et al. 2011; Schneider et al. 2012; Frebel & Norris 2015; Sobral et al. 2015; Mirocha et al. 2017; Bonifacio et al. 2018; Cooray et al. 2019; Hartwig et al. 2019 , for recent observational predictions). Hierarchical structure formation leads to the formation of small gravitationally bound objects such as matter peaks containing the first stars, also known as Population III or Pop III stars (see, e.g., latest simulations from Bromm & Yoshida 2011; Hirano et al. 2014; Barkana 2018; Hashimoto et al. jd.astrop@gmail.com 2018; Ceverino et al. 2019) . The entire process is highly non-linear in nature and a natural outcome of the welldefined Cold Dark Matter cosmology aka ΛCDM model, where smaller structures subsequently merge with other halos to form larger objects like galaxies and clusters (e.g., Springel et al. 2006; Haiman 2011; Abel et al. 2012; Greif 2015; Pratap Rajvanshi et al. 2018; Wise 2019 , for a detailed discussion of the non-linear evolution). Young stars in earliest galaxies emit ultra-violet radiation that ionizes the surrounding inter-galactic medium (IGM), thereby terminating the cosmic dark ages (Bagla et al. 2009; Karlsson et al. 2013; Sluder et al. 2016; Chen et al. 2017; Chiaki & Wise 2019; Bovino et al. 2019) .
In spite of tremendous advances in our understanding of how the first stars form, the complex nature of the nonlinear process during the gravitational collapse of primordial gas renders many important details associated with their formation uncertain (e.g. Stacy et al. 2016; Xu et al. 2016; Barrow et al. 2017; Schauer et al. 2019; Chon et al. 2018; Mitani et al. 2019) . For ex-ample, results from early simulations of collapse of the unstable gas clumps suggested that these stars may have very large masses of around 100 M (Abel et al. 2002; O'Shea & Norman 2007; Gao et al. 2007; Yoshida et al. 2008; Hirano et al. 2014; Woods et al. 2017) . However, this conclusion was likely due to computational limitation that prevented following the evolution of gas physics for adequately long periods of time at significantly high resolution. In particular, the requirement of a time step of ∼10 −3 yr (e.g., Abel et al. 2002; Bromm & Loeb 2003) made it impossible to follow the collapse to sufficiently high densities. With the development of sophisticated numerical algorithms and techniques, subsequent three-dimensional(3D) simulations circumvented the above limitation by introducing sink particles above a certain density threshold (e.g., Krumholz et al. 2004; Clark et al. 2011a; Dutta et al. 2015; Sormani et al. 2017) . This opened up a new window of following the evolution of unstable gas clumps beyond the formation of the first protostar, raising the possibility of probing the ultimate fate of the parent clumps inside Dark Matter halos. Indeed, these simulations showed that eventual fragmentation of the unstable circumstellar disk led to the formation of multiple protostars that are much smaller in mass (e.g., Clark et al. 2011b; Greif et al. 2012; Machida & Doi 2013; Peters et al. 2014; Latif & Schleicher 2015; Dutta 2016) .
Solution of the aforementioned issue brought to the fore another interesting question. What is the ultimate fate of these evolving fragments that have a comparatively low mass, and which eventually becomes protostars after interaction with the surrounding gas? Two possible scenarios that emerge are the following: the fragments can migrate on the viscous time scale over which the angular momentum is lost during the entire evolution process, and hence move towards the centre eventually merging with the primary protostar on a scale of ∼10 4 AU (e.g., Hirano et al. 2014; Hosokawa et al. 2016) . Alternatively, the secondary protostars can escape the potential well of the bound system due to gravitational interactions with each other and with the surrounding medium (Ishiyama et al. 2016) . In an earlier study (Dutta 2016) , it was shown that a fraction of the original protostars can be ejected from the cluster of their origin with speeds ∼10 − 20 km s −1 , comparable to or larger than the escape speed of the system. If this happens it is plausible that some of these protostars could enter the main-sequence and might have survived until the present epoch, provided they were unable to accrete significant mass before being ejected as low mass stars with masses ≤ 0.8 M (Marigo et al. 2001; Komiya et al. 2009; Johnson 2015; Komiya et al. 2015; Ishiyama et al. 2016; Kirihara et al. 2019; Susa 2019) . This possibility of their survival has been answered somewhat positively in few studies (Bond 1981; Nakamura & Umemura 2001) . However, a more careful investigation is required to understand the history of evolution process, instabilities, interactions due to gravitational drag, trajectories of stars and the mass accretion phenomenon, respectively. An insight into these physical process is therefore crucial to study the survival of Pop III stars for billion of years as the universe continue to evolve to the present complicated state.
However, despite rapid progress in advanced numerical techniques with sophisticated Lagrangian as well as Eulerian codes, there are still many issues that need to be resolved. First, numerically simulating the complex interplay between the dynamical interaction of the fragments with the ambient gas and the accretion phenomena as well as feedback needs to be incorporated and tested at the relevant scales. Second, the computation of non-linear gravitational gas collapse that follows the evolution beyond the formation of the first protostar suffers from shortcomings such as unphysical fragmentation and artificial viscosity, which basically decides the amount of kinetic energy that is thermalised in smoothed particle hydrodynamics (SPH: Monaghan 1992; Thacker et al. 2000; Springel 2010 ). The study by Yoshida et al. (2006) has suggested that the artificial viscosity in Lagrangian hydrodynamics have minimal effects on the angular momentum transport during collapse of primordial gas. Moreover, highest resolution 3D numerical simulations available at present are only able to follow a few tens of years of evolution after the formation of the first protostar (Becerra et al. 2015) . Thus, integration over a realistic number of orbital revolutions is well beyond the existing numerical capabilities.
In view of the above mentioned challenges, it is therefore important to explore if the fate of the primordial protostars can be addressed by using simple semianalytical models, so as to have a preliminary understanding of the dynamics before delving into more complicated details using 3D simulation techniques. This is the approach that we adopt here. Specifically, we begin by using the typical orbital parameters of these protostars and the properties of the clusters such as density, temperature and velocity, as determined from 3D numerical simulations of primordial star-forming gas clumps.
Our approach is advantageous in the sense that it allows us to use a range of parameters required to investigate the properties of the gas evolution, as inputs into a semi-analytical model with Bondi-Hoyle flow (Bondi & Hoyle 1944; Bondi 1952 ) that accounts for the interaction of the protostars with the ambient gas. As detailed in the subsequent sections, this particularly enables us to probe the details of the trajectory of these stars that escape while interacting with the ambient gas in the gravitationally bound system. Further, it also allows us to explore the range of masses of Pop III protostars that could have avoided core collapse and survived to the present day. The paper is organized in the following manner. In section 2 we describe in detail the numerical setup which includes a comprehensive discussion of the initial conditions and an adaptive time stepping scheme for numerical integration. The details of dynamics such as the trajectories and the mass-velocity relations are outlined in section 3, followed by the implication of this study for possible existence of Pop III stars till the present epoch in section 4.
NUMERICAL SETUP
The numerical technique should enable us to investigate in detail the long-term evolution of a system with multiple fragments. To this effect, we describe below the initial conditions of these protostars followed by our implementation of a simple model of spherical accretion, namely Bondi-Hoyle accretion and dynamical evolution.
Initial Conditions
Theoretical calculations along with 1D and 3D numerical simulations have shown that the density profile of the primordial gas clumps in which first stars are formed is a well-defined power-law of the form ρ ∝ r −2.2 (Larson 1984; Tegmark et al. 1997; Omukai & Nishi 1998 ). We therefore model an unstable collapsing gas clump with a central core of size r 0 in this clump, such that the density profile is given by
where the number density of gas is usually defined as n(r) ∼ ρ(r)/µ m p with an approximate mean molecular weight of the gas particle µ ≈ 2.33 and m p being the mass of proton. The central number density (n 0 ) of the clumps is generally taken in the range ∼10 13 − 10 14 cm −3 or slightly higher depending on the resolution of the simulation. In our numerical set-up, the core radius is taken to be r 0 ∼ 5 AU that is fully consistent with the cosmological simulations. Considering m p being the mass of a proton and k B the Boltzmann constant respectively, the gas temperature as well as the sound speed are then estimated to be of the following form, with the core temperature approaching close to 1200 K (again consistent with simulations, e.g., Turk et al. 2009; Sur et al. 2010) :
Given the physical properties of the ambient medium, we now need to explore a set of initial conditions that covers the entire range of the parameter space. Because the fragmentation of the circumstellar disk occurs at various scales, the time of fragmentation depends strongly on the initial configuration of the clumps such as the degree of rotation, chemical abundances, hydrogen formation and associated cooling and heating process (Machida & Doi 2013; Greif et al. 2012; Dutta et al. 2015; Dutta 2015 Dutta , 2016 . We therefore directly use the parameters such as radial and rotational velocities, acceleration, initial mass of evolving fragments, temperature as well as density profile from the above mentioned avant-garde cosmological simulations that represent the physical properties of this dynamical system of multiple fragments. For our numerical set-up, we denote these fragments as primordial protostars that keep on evolving while moving around in this multiple system, which can be assumed as small cluster of evolving protostars. We thus have the initial configuration to cover a large parameter space for studying the evolving system that consists of the following:
• The protostars formed out of the slowly rotating gas clumps are placed near the center, whereas the others spread over larger radii due to conservation of angular momentum. The evolving protostars are thus scattered at different positions that follows a power-law relation with the clump's initial degree of rotational support (Dutta 2016) . In our semi-analytical calculations, the initial position of protostars (i) are distributed within the clumps in the range ∼1 − 100 AU from the central core of the cluster (Stacy et al. 2013; Greif 2015; Hirano & Bromm 2017 ).
• Protostars are aligned at an initial azimuthal angle φ ≈ 0. They are assigned radial and azimuthal components of initial velocity, v r,i and v φ,i , respectively, and the corresponding acceleration a r,i and a φ,i . At the time of disk fragmentation, the newly-formed fragments can have mass as low as ∼0.001 M (Abel et al. 2002; Yoshida et al. 2008) . For our analysis, we have chosen the evolving protostars with initial masses in the range 0.01 ≤ M * ,i ≤ 1 M , that move with radial velocities 0 ≤ v r,i ≤ 30 km s −1 and azimuthal velocities 0.01 ≤ v φ,i ≤ 5 km s −1 , respectively.
• Protostars are considered to be ejected out of the system if and when they reach a radial distance r ∼ 2 pc, which is the typical size of the clumps (e.g., Bromm & Yoshida 2011) . Note that this scale is more than four orders of magnitude larger than the core radius. The total speed of the protostars relative to the ambient gas, v =
where c s is the speed of sound of the ambient gas.
We then use these initial configuration of the set of parameters for post-processing and compute the escape velocity, which is a function of distance from the central core. The escape speed corresponding to the density profile ρ(r) ∼ ρ 0 /(1 + r/r 0 ) 2 in the ambient medium is given by,
Here, G is the gravitational constant and M enc (r i ) represents the gas mass enclosed by the protostars that are placed at different distances r i . This analytical expression provides an approximate estimate of the escape velocity that is close to values corresponding to the actual density profile in Eqn 1. As discussed, in general, protostars born out of more rapidly rotating gas clumps are situated away from the center to conserve angular momentum, whereas others are located around the center within few AU to tens of AU. For Pop III stars, the initial core radius is roughly a few AU. Thus for a core radius of, e.g., r 0 ≈ 5 AU, the maximum escape speed is of order ∼11 -13 km s −1 .
Equation of motion with Bondi-Hoyle flow
Here we develop the basic numerical model that describes the dynamical evolution of the entire system. We recall from Sec. 1 that recent numerical simulations show that the unstable self-gravitating disk is prone to fragmentation, eventually leading to the formation of multiple protostars that together with the ambient gas are trapped in the gravitational potential well. This system can be formally described as a supersonic, compressible flow coupled to multiple gravitating, accreting and potentially radiating bodies. The protostars while moving through this medium will experience a drag originating from the dynamical friction associated with star-cloud interactions. This drag force can cause a change in orbit akin to the case for X-ray binaries (Bobrick et al. 2017 ). This can be approximated using Bondi-Hoyle accretion.
Note that in its original form, Bondi-Hoyle accretion considers the evolution of a mass moving through a uniform gas cloud where it accretes material from the surrounding medium. We therefore write down the governing equations for the dynamics of the protostars traveling in the background of primordial density distribution. As we shall see in the subsequent sections, this turns out to be an excellent approximation to describe the evolution of protostars orbiting in the disk while simultaneously accreting material from the disk.
To start with, we consider protostars with initial mass M * ,i that are orbiting with initial azimuthal velocity v φ,i , along with a range of radial velocity v r,i . Here the subscript 'i' stands for the number of protostars. We use the Bondi-Hoyle accretion rate to determine the time evolution of the stellar mass as,
where ρ(r) corresponds to the density profile given by Eqn. 1 and c s is the sound speed of the ambient medium.
It is important to note that the Bondi-Hoyle flow cannot persist for long because protostars are increasing its mass as well as accumulating momentum. Therefore a 'dynamical friction' arises from the gravitational focusing of the ambient gas behind the protostar (Edgar 2004) . We therefore solve for the dynamics of the individual protostars (Eqn. 6) along with conservation of angular momentum (Eqn. 7) and the mass accretion rate (Eqn. 5) using
Here A = 4πG 2 M 2 * ρ(r) represents the coefficient of drag force F d,n in the direction ofn, where F d,n = (A/v 2 )n. The enclosed mass M enc (r) is integrated over the density regime as M enc (r) = 4πr 2 drρ(r) = 4πρ 0 r 3 0 (r/r 0 ) 2 d(r/r 0 ) (1 + r/r 0 ) 2.2 dr.
(8) As mentioned before, the dynamics of the protostars following the above equations is calculated until r ≈ 2 pc, and the final mass is evaluated at this point. Protostars, once escaping this region, will no longer be part of the primordial cluster.
Numerical scheme
We start our semi-analytical calculations from the set of initial conditions described in Sec. 2.1, along with the equations of motion and angular momentum conservation of protostars. To this effect, we used the standard Runge-Kutta fourth order method to solve the system of equations (4 -7) with compressible flow coupled with gravity and drag in spherical-polar coordinates. However, solving the set of differential equations closest to the central core requires "a much smaller" time step because of large density gradient of the ambient gas. Therefore the time step should be chosen in a way that allows us to probe the details of the dynamics near the center as well as far away where the density gradient is less. The fixed time step, even if it is very small, can produce incorrect results. In our simulation, we have therefore used an adaptive time stepping scheme, calculated from the velocity and accretion of protostars, which satisfies the well-known Courant-Friedrichs-Lewy (CFL) condition. In other words, the system should evolve both in radial as well as azimuthal direction with the timestep ∆t r and ∆t φ respectively, and will converge with "minimum time step" (∆t min ), where ∆t min ≡ min(∆t r , ∆t φ ). The timestep (∆t) is given by
Here, ε ≤ 0.005 is the dimensionless Courant number that converges the system satisfactorily. This gives high accuracy to the dynamics of both types of protostars: those that escape through ambient gas and others that orbit around the gravitationally bound system and continue to accrete mass. The time step in this study is also comparable to those used in previous simulations with Gadget-2 SPH numerical code (Springel 2005) . Note that in a full 3D simulation, it is extremely difficult to probe the entire dynamics with higher accuracy in smaller time steps. It is also computationally expensive to follow the trajectory and evolution of each protostar and its interaction with the ambient medium. Thus apart from allowing for a wide parameter space to be explored, our semi-analytical approach offers an alternative route compared to the full scale 3D simulations. The initial time corresponds to the time of formation of the protostars. For those protostars that are able to escape the cluster, we follow their evolution till the time their distance from the center is ∼ 2 pc. For other protostars that are unable to escape the cluster, we continue to follow their evolution till they accrete significant mass.
Correctness of the numerical model
At this point it is important to examine whether the results from the semi-analytical model are accurate. We have therefore solved the same set of equations (cf. equations 4 -7) in cartesian coordinate system so as to verify the validity and correctness of the performance of the numerical code in spherical-polar coordinate system from which the results presented in the next section have been generated. Moreover, we have cross-checked the results obtained from both codes with analytical calculations, which one can verify after employing certain physical assumptions. Depending on the size of the core (r 0 ) one can find a distribution function for the estimated escape velocity (Eqn. 4) that ranges from approximately 9 km s −1 to 15 km s −1 , in agreement with results from cosmological simulations. As an example, in section 2.1 we have calculated the escape velocity around ∼11 -13 km s −1 that is very close to the actual value, and that provides the escape speed exactly as has been seen in cosmological simulations (Greif et al. 2012; Johnson 2015; Dutta 2016) .
RESULTS
In this section, we examine the dynamical time evolution of the trajectories and mass accretion by the protostars that move around the ambient medium.
The evolution of protostars with speed on either side of the escape speed are shown in Figure 1 . The trajectories of the protostars having initial radial velocities (v r ) for a particular choice of the azimuthal velocity (v φ ) are plotted as a function of dynamical time. As discussed in section 2.1, the escape speed has a distribution function that depends on the position of these protostars in the cluster. For primordial clumps, we estimate the protostars to escape at speed nearly v esc ≈ 11 − 13 km s −1 . In the figure, the black solid-dot line represents the protostar that has a radial velocity roughly equal to the escape speed ∼12.35 km s −1 corresponding to the azimuthal velocity v φ ∼ 0.01 km s −1 . The red lines correspond to protostars with speed ∼20 (dotted), 17 (solid), 14 (dash-dot) and green lines correspond to 9 (dash-dot), 8 (solid) and 7 (dotted) in units of km s −1 , respectively. We keep the azimuthal velocity comparatively small because some of the fragments may have lower angular 10 0 10 2 10 4 10 6 10 0 10 1 10 2 10 3 10 4 10 5 10 6 vφ ∼ 0.01 km s −1
vr ∼ 20 km s −1 vr ∼ 17 km s −1 vr ∼ 14 km s −1 vr ∼ 12.4 km s −1 vr ∼ 9 km s −1 vr ∼ 8 km s −1 vr ∼ 7 km s −1 Figure 1 . The time evolution of the protostars (trajectories) are plotted for two cases: one in which the initial radial velocity is larger (red lines) than the escape velocity vesc ≈ 11 -13 km s −1 and another in which it is smaller (green lines). The size of the cluster is around ∼2 pc. Protostars with vr > vesc and certain critical masses are ejected from the cluster at around million years with a final mass ≤ 0.8M . In contrast, protostars with speed less than escape speed move around the ambient gas against gravitational drag and accrete a sufficient amount of gas to end up becoming massive stars.
momentum (Stacy et al. 2013) . We notice that some of the protostars (red lines) can directly travel the path of ∼2 pc at around million years. For these protostars, the initial masses (m i ) were chosen in such a way that the final mass, m f ≤ 0.8 M at the time of escaping the cluster. Furthermore, we also find that different initial radial velocities lead to subtle deviations. For instance, protostars with a larger radial component results in a slightly steeper curve, and therefore, leave the cluster earlier. In contrast, protostars with speed v r v esc (green lines) keep on orbiting around the central clumps while being slowed down by the gravitational drag from the ambient gas density. For these stars, the initial masses were chosen in the range m i ∼ 0.01 − 0.3 M . In this context, it is important to mention the effect of drag force (parameterized by 'A' shown in Eqn. 6-7) on the dynamical evolution of the protostars and ambient gas that are trapped inside the gravitational well of the cluster. The gravitational drag can change the trajectories of the orbiting protostars as is the case for X-ray binaries (see, e.g. Edgar 2004 , for further discussion on the orbital motion of protostars inside a protocluster).
Next, we explore the effect of rotation on mass accretion phenomenon for the evolving protostars that escape the central clump while experiencing the gravitational drag from the surrounding gas (as governed by Eqns. 6 & 7). In figure 2 we show the distribution of the initial masses of the protostars (m i ) and the computed escape time (t esc ) taken by the evolving protostars to reach a distance r ≥ 2 pc in the upper and lower panels, respectively. We consider protostars having different initial values of v φ ∼ 0.01, 0.1, 0.5, 1, 3 and 5 km s −1 , as a function of initial radial velocities in the range v r ∼ 11 − 25 km s −1 . The upper panel shows that up to v r ∼ 17 km s −1 , the required initial mass increases for higher v φ , given a final mass that is close to m f ∼ 0.8 M .
An initial high speed v r v esc (denoted by red lines in Figure 1 ) ensures that the mass accretion is relatively small before the protostar escapes the cluster. Accordingly, we chose the initial masses of these protostars be larger than ∼ 0.78 M , if they are to end up with a final mass less than 0.8 M . For initial velocity just over the escape velocity, we find that the initial mass may need to be as low as 0. 65 M (not shown in the figure) . Thus the net accretion can be up to about 20% for protostars that escape. The bottom panel shows that for v r ≤ v esc , the time taken to escape from the cluster decreases as v φ increases from ∼ 0.01 to ∼ 1 km s −1 . On the other hand for protostars that start with v r v esc , we find that the escape time is independent of the initial azimuthal velocity of the protostar.
Although the focus of our work is on the dynamical evolution of those protostars that are able to escape from the cluster, we comment here on mass evolution of the other protostars that have v r v esc . As evident from the green curves in Figure 1 , these protostars continue to remain inside the cluster. Since we do not include any explicit feedback scheme in our semi-analytical model, we find that these protostars continue to accrete and gain in mass uninhibitedly, making it impossible to predict their final masses. However, till the time we are able to follow their evolution, we find that these protostars acquire a substantial amount of mass in the range of ∼ 1 − 20 M or even more depending on the initial conditions of the cluster. Further, we find that the mass accretion coincides with initial deceleration as can be predicted from the trajectories, i.e., number of times that these protostars rotate, as shown in Figure 1 . The accretion rate is expected to be higher if the protostar is moving with a slower velocity and/or through denser medium. Therefore for v r < v esc , the protostar accretes a large amount of mass relative to its initial mass, and can even increase its mass by an order of magnitude by the time the orbit is significantly affected by the gravitational drag. They can therefore continuously accrete mass to end up becoming massive stars, or may merge with another star (see recent state-of-the-art simulations by Haemmerlé et al. 2018 , for the evolution of supermassive Pop III stars). Although the final mass distribution of these massive protostars needs a more careful investigation and is beyond the regime of interest for this study, we would like to mention that our result for these protostars is consistent with the prediction that the first stars have masses with ∼10 -1000 M (Hirano et al. 2014) . Thus even if the initial mass function of protostars does not contain very massive stars, accretion can lead to a substantial increase in mass. Such stars can potentially lead to supernovae (Whalen et al. 2008 Hartwig et al. 2018) and also result in early formation of black holes (Glover 2015; Umeda et al. 2016; Sluder et al. 2016 Figure 3 . The growth in mass as a function of the initial mass are plotted for protostars that escape the gravitationally bound system for initial masses in the range mi ∼ 0.1 − 1 M . The mass accretion is higher for a lower radial velocity. The dark gray regime denotes the protostars having survival possibility while leaving the cluster with a final mass m f ≈ 0.8 M , whereas the light gray regime denotes the protostars with a mass m f 0.8 M .
In figure 3 we plot the growth in mass as a function of the initial mass for protostars that escape the gravitationally bound cluster. We consider initial masses in the range m i ∼ 0.1 − 1 M . As mentioned earlier, the final mass (m f ) is the mass of the protostar measured once the protostar reaches r ≈ 2 pc. Each curve corresponds to a different initial radial velocity. We find that the mass accreted is higher for a lower initial v r . This is to be expected as the accretion rate is higher for a lower velocity and in such a case the protostar spends more time in the core region where the ambient density is higher. Further, we note that for a given radial velocity, the mass accreted is higher for a higher initial mass. This again relates directly to the increased accretion rate. As the radial velocity increases, the final mass vs initial mass curves comes closer to the y = x line shown for reference. Note that the increase in mass for protostars that escape the system is small and is limited to ∼0.2 M . Therefore this process, i.e., increase in accretion rate near the center of the core, cannot be responsible for a significant increase in mass of protostars that escape the cluster where they are born.
Of course, this semi-analytical approach still leaves out processes that are important in a physically realistic scenario. Radiative and thermal feedback are likely to evaporate the core of the clumps and hence the increase in mass will be expected to be comparatively less. Nevertheless, it is heartening to note that the final masses obtained from our simple model is comparable to that predicted in other simulations (e.g. Greif et al. 2012; Stacy et al. 2013; Hirano et al. 2014) . The increase in mass is higher for a lower initial radial velocity, as expected from the expression for the accretion rate. This confirms the fact that the Bondi-Hoyle accretion flow is the key process in early evolution of protostars inside the cluster.
SUMMARY AND DISCUSSION
In continuation to an earlier study (Dutta 2016) , our aim here was to investigate the evolution of the protostars that formed out of fragmentation of unstable circumstellar disk of rotating primordial gas clump. To this end, we developed a semi-analytical model using the well known Bondi-Hoyle accretion to follow the dynamics of the evolving protostars and their interaction with the ambient medium. The initial conditions of our model such as the density and temperature profile of the ambient gas, mass and radial and rotational velocities of the newly formed protostars are similar to the physical properties of the ambient gas and protostars reported in more complex, cosmological simulations of primordial star formation. We solved the governing equations (cf. eqns. 4 -7) in spherical-polar coordinate system using Runge-Kutta fourth-order method with an adaptive time stepping scheme that satisfies the CFL condition. We have also included the standard drag force experienced by these protostars while moving around the ambient medium. The implementation of this approach thus provides a better understanding of the dynamical system evolving for a longer period of time.
Using the above methodology, we have explored two possible scenarios that are likely to happen depending on the initial configuration of the gas clumps. For example, there is a high probability that some of the primordial protostars can merge below a certain fragmentation scale Hirano & Bromm 2017) or even collapse further to form compact objects (Glover 2015; Latif et al. 2018 ). On the contrary, few recent studies have demonstrated that a number of low mass Pop III stars are ejected from the gravitationally bound cluster with radial velocities larger than the escape speed of the cluster (Greif et al. 2012; Johnson 2015; Ishiyama et al. 2016) . Indeed, high-resolution Gadget-2 SPH simulations of Dutta (2016) also found that a fraction of these protostars can overcome the gravitational drag force and simultaneously accrete only a small amount of mass before being ejected. However, because of computational limitations, it was not possible in 3D simulations to track their dynamics and interaction with the surrounding gas. As a number of such protostars have mass below 0.8 M , it is likely that they are still on the main sequence at the present time. Ejection can also happen if the primary, more massive star goes supernova and the gas clump loses much of its mass (Komiya et al. 2016 ), though we have not considered this process here. Based on the results obtained from our semi-analytical model, we summarize below the main findings of our work.
Key points
For a given initial v φ ∼ 0.01 M , time evolution of the protostar trajectories as shown in Fig. 1 reveal that if initial v r v esc , the protostars can escape the gravitationally bound system in ∼ 10 6 yr, with final masses ≤ 0.8 M . Evolution of protostars for different initial values of v φ show (cf. fig 2) that up to v r ∼ 17 kms −1 , the required initial mass increases for higher v φ , given a final mass m f ∼ 0.8 M . The same figure shows that for v r ≤ v esc , the escape time decreases with the increase in v φ from ∼ 0.01 to ∼ 1 km s −1 , compared to the case when v φ ∼ 3, 5 km s −1 . However, for v r > 17 km s −1 , the escape time becomes independent of the initial azimuthal velocity. Fig. 3 shows that mass accretion by the protostars increases as we go to lower initial radial velocities for those that escape the cluster. For a given initial speed and radial motion, the final mass is higher for those with a higher initial mass. The lowest probable mass range of the protostars from our model is comparable to the recent results from exciting observations by Schlaufman et al. (2018) . Protostars with v r < v esc are unable to escape the cluster. They remain in the cluster, spend considerable time in the core region, and continue to accrete from ambient gas. In absence of realistic feedback processes in our semi-analytical model, this leads to a large enhancement in mass over time. Till the time we have followed their evolution, we found that these protostars can accrete enough mass to grow up to 10−20 M , or even more. We also expect the protostars to pick up high velocity in encounter (Aarseth & Lecar 1975; Aarseth & Heggie 1998) .
In a nutshell, notwithstanding the limitations of the semi-analytical model, our results imply that it is plausible that the first stars might have formed in a broad range of masses during disk fragmentation -fragments that escape the cluster have the possibility to enter the main sequence as low-mass Pop III protostars (≤ 0.8 M ), and hence could survive till present epoch of time. On the other hand, protostars that remain inside the cluster can end up evolving as massive stars (∼1 − 20 M ) depending upon the initial conditions and their accretion history.
Observation of metal-poor stars
Understanding the implications of our work for observations requires us to make assumptions about the initial mass function of Population III stars. In principle this can be constrained using observations of metal poor halo stars, and in this section we comment on this issue.
Observations of metal poor stars in the halo of the Galaxy suggest a high floor of around 0.5 M , i.e., all known low metallicity stars have masses higher than this threshold. The process of accretion in the parent cloud studied here can lead to an increase in the mass by a small amount. However, stars which escape the parent cloud experience only a very small mass increase. This on its own cannot explain the absence of very low mass stars. The increase in mass for stars that remain in the cloud is fairly large and hence these stars are not expected to survive to the present epoch. In future studies, we plan to consider evolution of a group of stars and it is possible that many body interactions lead to a more nuanced understanding.
The issue of whether some of the Pop III stars may have survived until today and the possible sites of where such stars are likely to be found has been explored by a number of authors in the past (Bond 1981; Salvadori et al. 2010; Ishiyama et al. 2016; Tanaka et al. 2017) . Some recent studies suggest that the oldest Pop III remnants should be spread throughout the entire Galaxy (Scannapieco et al. 2006; Brook et al. 2007) . Others predict that Pop III survivors are likely to be concentrated towards the Galactic bulge (Diemand et al. 2005; Tumlinson 2010; Bland-Hawthorn et al. 2015) . Finally, Magg et al. (2018) extended these studies to find that low-mass Milky Way satellites are more likely to contain Pop III stars than the Milky Way itself, and that low-mass satellites will serve as promising targets in the search for Pop III survivors. However, to estimate the rate of Pop III detection for future surveys, it may be more worthwhile to concentrate on determining the number and IMF of these stars (de Souza et al. 2014; de Bennassuti et al. 2017; Sharma et al. 2018; Griffen et al. 2018) .
Although previous work suggests that Pop III survivors can reside in both the bulge and halo, a more careful theoretical approach is needed to settle the issue. In this regard, our work shows that the lowest mass protostars are the ones that escape the cluster of formation, indicating that these are poorly bound to their host halos. It has been shown that in mergers of halos, the most tightly bound objects end up near the centre of the merged halo whereas loosely bound objects in the parent halos end up on the outskirts (Syer & White 1998) . In view of the preserved ordering by binding energy in mergers, we expect that these stars are more likely to be found in the halo or outer parts of the bulge. On the other hand, stars that do not escape go on to accrete enough mass to eventually explode as a supernova. Such stars can potentially be seeds for black holes.
Upcoming work with data analysis and simulation
One possible route to address this is to explore observational data of extremely metal poor (EMP) stars, defined by [Fe/H] < −3. To this end, we consider objects from the SAGA 1 database that are on the main sequence based on the effective temperature and the surface gravity. We find that there are a few stars that have characteristics corresponding to mass lower than 0.8 M on this plane. In order to interpret data on this plane, we examined results from MESA 2 for metal poor stars showing that low-metallicity stars tend to have a higher effective temperature as compared to Pop I stars of the same mass. The difference in effective temperature is about 30% while the change in surface gravity is subdominant. Further, we verified that stars with mass less than 0.78 M have an age on the main sequence that is comparable with the age of the Universe (in preparation). Hence our use of a mass threshold of 0.8 M is close to the true value. Thus there are few constraints on the initial mass function of metal poor stars at present. We expect that this will change with determination of distances to halo stars with GAIA. cussions partial financial support and local hospitality. The work of JD is supported by Science and Engineering Research Board (SERB) of the Department of Science and Technology (DST), Government of India, as a Na-tional Post Doctoral Fellowship (NPDF) at the Physical Science department of IISER Mohali. We thank the use of HPC facilities at IISER Mohali. This research has made use of NASA's Astrophysics Data System Bibliographic Services.
